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The critical points of a polynomial 

Zaizhao Meng 



I In this paper, we obtain new results on the critical points of a polynomial, these results 

^ ' are useful to the Sendov conjecture. 

u' 

^ ! 1 Introduction 

Let a e (0, 1), 

71-1 

p(z) = {z-a) n - ^k), \zk\ < Hk = 1, n-1) 



k=l 



> 

fSJ ' with 

CN ! n-1 

i=i 

O ■ Let Tfc = la — Zfcl, Oj = \a — Cj\ for /c, j = 1, 2, n — 1. By relabeling we suppose that 

m 



Pi < P2< ••• < /371-1, ri <r2 < ... < r„_i. (1.1) 



c5 : We have (see [4], [5], [6]) 



2pi sin(-) < rfc < 1 + a, /c = 1, 2, n - 1. (1.2) 

n 

Lemma A. If < a < 1 and pi > 1 , then 
\p{z)\ > 1 — (1 — A)" , for Iz — a| = A < sin(7r/n). 
This is Lemma 2.16 of [2] (see [1]). 

Theorem. If 1 — (1 — |p(0)|)" < A < sin(^) and A < a, pi > 1, then there exists a 
critical point Co = a + Poe^^° such that 5}?("o > f (a — ^P±^). 
This theorem improves the previous known results (see [2] , [3] , [4] ) . 
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2 Proof of the Theorem 



We apply Lemma A to conclude that 



\p{z)\>i-{i-\r, 



z — a\ = X. 



Since p{z) is univalent in l-z — a| < A, it follows that there exists a unique point zq with 
\z — a\ < X such that p{0) = p{zo). We assume that Qzq > 0(if not, consider p{z)). 
By a variant of the Grace-Heawood theorem, there exists a critical point in each of the 
half-planes bounded by the perpendicular bisector L of the segment from to zq- Let 
^0 = a + /9oe'^° be the critical point in the half-plane containing zq. 
The equation oi L is \z\ = \z — zo\, that is 



zz = {z - zo)iz - Zo), 



(2.1) 



then 



zop = ZZo + ZZq. 



(2.2) 



Let z* = e^^° be the joint point of L and the circle \z\ = 1, Qz* > 0, then 



Hence 



that is 



e'/^o = (i ± 



2 2|zo 



^4- |zo|2)zo. 



(2.3) 



Write 2;o = a + re*", r < A, then we choose 




We fix r and consider the circle — a| = r, let sinai 
then 

cos/3o = ^{a + rF{x)), 

it is sufficient to give lower bound of F{x) for x G [—1, — ^]. 
Write G{x) = -F{-x), then 

it is sufficient to give upper bound of G{x) for x e 1]- 
Write ^ = \ftarxTX ' = «^ - 2ara; + r^. 
We have 

and V'' = 8ar(a^ — 2ara; + r^)~^, 
hence 

= <^-2V;-^(l-a;2)-iGi, 

where 

Gi = ^1(4- -x^)^ + 4ar(l - x^) - a;^(4 - 0). 

We have x = ° ^n^"*^ ' ^'^^^ 

where 



+ 8oV2 - 2(o2 + r2)2 + 4(a2 + r^)^ - 2^^ _ (^2 + ^2 _ ^^^^4 _ 
hence 

G2 = (/)§ (4 - I (4a2r2 - (a^ + r^)^ + 2(0^ + r^)^ - </)2)l 
+ Sa^r^ - 2(0^ + r2)2 + (a^ + + 2)^2 _ ^3^ 
and G [(a — r)^, — r^]. 
The roots of G2 satisfy 

L = <^3(4 _ 0)(4a2^2 _ (^2 ^ ^2)2 ^ 2(0,2 ^ ^2)^ _ ^2) ^ 

(<^3 _ (^2 + ^2 + 2)</.2 + 2(a2 + r2)2 - 8a2r2)2 = R, 
say. 

We have 

L = ^^- 2(a2 + r2 + 2)</)5 + (8(a2 + r2) - 4a2r2 + (a2 + r2)2)04 + {i^a'^r'^ _ 4(^2 + r2)2)<^3^ 
R = (l>^- 2(a2 + r2 + 2),^5 + (^2 ^ ^2 ^ 2)2<^4 ^ 4(^2 _ ^2)2^3 _ 4(^2 ^ ^2 ^ 2)(a2 - r'^fcj)'^ + 
4(a2 - r2)4. 

Let d = 1 — r2, e = a2 — 1, by L = i?, we deduce 

e#4 - 2(e + dfcj)^ + (4 + e - d)(e + d)2(^2 _ ^ ^ q, 

that is 

(e(^2 _ 2(e + - (e + d)2)(d(^2 _ 2(e + d)^ + (e + d)2) = 0, 
there is only the root 0o = °'\^r ^ ~ ^)^' ~ '^^1' ^"^^ 

-^0 ~ 2or ~ 2a(l+r) ^ -^J' 

We have < 0, G'(^) > 0, G{xq) is the maxima value of G{x) for x G 1]. 

We obtain G(a;o) = ^,and G{x) < a; e 1], hence 

cosA>i(a-^)>i(a-^), 
the theorem follows. 
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